We propose a novel method to analyze a generalized Gross-Pitaevskii equation in D space dimensions with the nonlinearity of order n. We show that the self-similar behavior of the solutions can only be observed for Dn = 2. The relevance of this result to the dynamics of Bose condensates in two dimensional spherically symmetric traps is discussed.
The experimental discovery of Bose-Einstein condensation (BEC) in trapped clouds of cooled alkali atoms [1, 2, 3, 4] opened unique possibilities to investigate collective many-body effects in dilute gases. In the experiments the cloud of atoms is isolated from the environment by a magnetic trap. After cooling the cloud exhibits Bose-Einstein condensation i.e. existence of a macroscopically populated quantum state. The study of the dynamics of this quantum state is an important fundamental problem in many-body quantum physics. The dynamics of the condensate can be described within the Hartree-Fock approximation by the Gross-Pitaevskii equation.
where Φ( x, t) is the wave function of the condensate, the external potential V( x, t) models the wall-less confinement (the trap), m is the mass of an individual particle, a s is the scattering length,
is the Laplace operator. A convenient choice for the confining trap is the paraboloidal potential, i.e. V = 2 . The Bose-Einstein condensation in two space dimensions can only be discussed with certain reservations, i.e. as a quasi-condensation [5] . Recent experimental techniques however allow to realize a two-dimensional trap for e.g. spin-polarized hydrogen absorbed on the helium surface [6] , [7] . The investigation of dynamics of the trapped Bose condensate and search for soliton-like solutions of the Gross-Pitaevskii equations is an interesting problem widely discussed in the recent literature. In this Letter we concentrate on details of the dynamics and in particular on existence of self-similar solutions of the Gross-Pitaevskii equation. The self-similarity is a very important and universal component of the nonlinear dynamics in general and while describing a collapse in particular [8] . The latter phenomena is very important for condensates with negative scattering lengths such as 7 Li (see e.g. [9] ). In this Letter we show that the self-similar behavior can only be observed for two-dimensional traps. To begin with we consider a generalized D-dimensional Gross-Pitaevskii equation, expressed in dimensionless units. This equation reads
Here ∆ x is the D-dimensional Laplace operator and
Representing the solution as ψ = Ae iφ we arrive at the following system
An important input of our approach is the following ansatz
∂η(r, t) ∂r
which solves Eq. (3) provided that the function η satisfies
Notice that the function A 0 (η) is arbitrary and the ansatz Eq. (5) describes an arbitrary solution. The field ∇φ has a meaning of the speed of the particles. Therefore, Eq. (6) describes the number of particles in the interval [0, r]. This is also clearly seen from (5) since η depends only on n(r, t),
The variable η has the following properties. It is monotonically increasing function of r i.e.
∂η ∂r > 0 and η → ∞ when r → ∞. For fixed r it increases if the speed of the particles at the point r, i.e. ∂φ ∂r is negative ( this means that the flux of the particles tends to the point r = 0). In the vicinity of the point r = 0 the function η behaves as
The solution is self-similar if η = r/ρ(t) exactly. From Eq. (6) it follows immediately that in this case the phase is quadratic in r, viz φ(r, t) = φ 0 (t) + 1 4
The equation (4) should now be understood as an equation for A 0 . Separating the variables in the case nD = 2. we arrive at the following system of equations
Here λ and µ are arbitrary constants. A solution of Eq. (12) reads
Other solutions can be obtained through the transformation t → t + t 0 and ρ(t) → h(t)ρ(s(t)), where
In the case nD = 2 there are no self-similar solutions (save the trivial case ρ =const). Indeed, for the existence of such solutions we need to require that both A 2n 0 and ∆ η A 0 /A 0 are functions quadratic in η. These conditions obviously cannot be satisfied. This means that even though the solution given by Eq. (5) is locally self-similar for any D in the vicinity of the point r = 0, the exact self-similarity valid for any r can only be observed for Dn = 2. For the self-similar solutions there are two integral identities. Multiplying Eq. (10) by η D−1 A 0 and by η D ∂A 0 /∂η respectively and then integrating by parts after a little algebra we arrive at the following relations:
Using the identity Eq. (14) it can be readily seen that the total energy of the solution, i.e.
An example of exact solution of Eq. (10) can be obtained through the specifications: D = 1, n = 2, λ = 0 and κ < 0. Then
and finally
It is evident from the analysis of the solution Eq. (18) that it becomes singular at t → π 2ω
when its amplitude diverges as 1/ π 2ω − t, thus the collapse is observed. Discussion of the conditions for collapse to occur can be found in [12] As can be readily seen in this limit |ψ| 2 → π 2 3 2|κ| δ(x). This behavior is only possible if λ ≤ 0 (cf. Eq. (13)). This requirement in turn means that κ < 0 (cf. Eq.(14)) while the integral Eq. (16) is to be finite. Even though the methods used are different the results reported in this Letter are in a sense analogous to the results obtained in Ref. ([8, 10, 11] ) for the Nonlinear Schrödinger equation(NLS), which is the Gross-Pitaevskii equation with ω = 0. This analogy stems from the fact that for Dn = 2 the NLS and GP systems are equivalent. Indeed, the change of variables [13] 
ψ(x, t) = (cos(ωt))
maps Eq. (2) to
It is evident that for Dn = 2 the θ-dependence of the coupling constant disappears and the NLS system is recovered. It is worth mentioning that self-similar solutions are invariant with respect to the following symmetry, which in general is valid for the case Dn = 2, viz
In the case of the solution Eq. (18) this transformation leads to a mere rescaling as
. To conclude we wish to point out that our approach to the Gross-Pitaevskii equation is based on the ansatz Eq. (5). This approach can be generalized to the general Gross-Pitaevskii equation in D space dimensions with arbitrary external potential V( x, t). It can be shown that the dynamics described by the Gross-Pitaevskii equation is effectively equivalent to the system of D-bodies for an arbitrary initial condition which has an extremum. This dynamical system finds its remote predecessor in Eq. (12) of this Letter. These results will be reported in a forthcoming publication. One of us (AR) wishes to thank J. Hietarinta and S. Jaakkola with collaborators for useful discussions. GV was partly supported by a Russian Federation research grant RFBR No 98-01-01063
